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Introduction to the Physics of 
Free-Electron Lasers 
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The	  X-‐Ray	  Free-‐Electron	  Laser	  
For	  Angstrom	  level	  radia7on:	  
High	  energy	  linac	  (~5-‐15	  GeV)	  

	   	   	  +	  
Long	  Undulator	  (120	  m)	  
	  
X-‐FEL	  shares	  proper7es	  of	  conven7onal	  
lasers:	  
	  
-‐High	  Power	  (~	  10-‐100	  GW	  )	  
-‐Short	  Pulse	  (~4-‐100	  fs	  )	  
-‐Narrow	  Bandwidth	  (~0.1%	  to	  0.005%)	  
-‐Transverse	  Coherence	  

10	  Billion	  )mes	  brighter	  
than	  Synchrotron	  

Radia)on	  Sources!!!!	  



Undulator	  

By = B0 sin(kwz)
kw = 2π / λw

λw

Periodic	  array	  of	  dipole	  magnets	  with	  
alterna7ng	  polarity	  	  



Electron	  Mo7on	  in	  Undulator	  
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Helical	  Undulator	  
Bx = −B0 sin(kU z )

By = B0 cos(kU z )

βx (z ) = −(K / γ )sin(kU z )

βy (z) = (K /γ )cos(kUz)

Trajectory	  is	  a	  helix	  



Undulator	  Radia7on	  

c λw
vz

λr Distance	  between	  two	  consecu7ve	  
wavefronts	  =	  wavelength	  
	  
Note:	  light	  slips	  ahead	  by	  1	  
wavelength	  per	  oscilla7on	  period	  

λw

λr =
λw
βz

−λw



Undulator	  Radia7on	  

c λw
vz

λr
Distance	  between	  two	  consecu7ve	  
wavefronts	  =	  wavelength	  
	  
Note:	  light	  slips	  ahead	  by	  1	  
wavelength	  per	  oscilla7on	  period	  

λw
Dopppler	  shi_	  of	  
undulator	  period!	  

λr =
λw
βz

−λw



Central	  Wavelength	  
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Central	  Wavelength	  
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Helical	  undulator	  
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Central	  Wavelength	  
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Undulator	  radia7on,	  single	  electron	  

Undulator with NU 
periods. 

Each electron emits a wave train with NU cycles 
In the forward direction 
Polarization:    linear for linear undulator 

    circular for helical undulator 

   Δλ / λ ! 1/ NU

 NUλ



Incoherent	  Undulator	  Radia7on	  
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Incoherent	  Undulator	  Radia7on	  
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Incoherent	  Undulator	  Radia7on	  
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Electrons	  randomly	  distributed:	  power	  	  	  	  	  	  	  number	  of	  par7cles	  	  in	  a	  wavetrain	  ∝



Incoherent	  Undulator	  Radia7on	  
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Coherent	  Emission	  
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For	  typical	  x-‐ray	  FELs	  	  	  N	  ~107	  	  
Huge	  gain	  going	  from	  incoherent	  to	  coherent	  emission!	  



FEL:	  Working	  Principle	  
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Resonant	  Interac7on	  

Courtesy	  of	  D.	  Ratner	  



The	  Resonance	  Condi7on	  

Courtesy	  of	  D.	  Ratner	  



Working	  Principle	  
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Working	  Principle	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  
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Working	  Principle	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  
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Working	  Principle	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  



Working	  Principle	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  

Process	  goes	  unstable,	  leading	  to	  
exponen7al	  growth	  of	  power	  and	  bunching	  

Can	  start	  from	  a	  coherent	  seed	  or	  by	  noise	  
in	  electron	  distribu7on!	  



FEL	  Equa7ons	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  



FEL	  Equa7ons	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  



FEL	  Equa7ons	  

Resonant	  Interac7on	  
	  
	  
Energy	  Modula7on	  
	  
	  
Density	  Modula7on	  
	  
	  
Coherent	  Radia7on	  

)	  



Wave	  Equa7on	  

Good-‐old	  inhomogeneous	  wave	  
equa7on	  in	  Lorenz	  Gauge	  



First	  Approxima7on:	  1-‐D	  Limit	  

Good-‐old	  inhomogeneous	  wave	  
equa7on	  in	  Lorenz	  Gauge	  1-‐Dimensional	  limit:	  

Neglect	  diffrac)on	  
	  
	  

∇2 ≈
∂2

∂z2



2nd	  Approxima7on:	  SVEA	  
SVEA:	  Slowly	  Varying	  Envelope	  Approxima7on	  
Used	  for	  narrow	  bandwidth	  signals	  

Carrier	  wave	  



2nd	  Approxima7on:	  SVEA	  
SVEA:	  Slowly	  Varying	  Envelope	  Approxima7on	  
Used	  for	  narrow	  bandwidth	  signals	  

Slowly	  varying	  envelope	  



SVEA	  



SVEA	  

<<

<<



SVEA	  

Cancel	  out	  in	  wave	  
equa7on	  



SVEA	  



Wave	  Equa7on	  



The	  Current	  Density	  

j⊥ = ec


β⊥δ(
x − xn )

For	  each	  electron	  



Wave	  Equa7on	  



Wave	  Equa7on	  



Wave	  Equa7on	  

Combina7on	  of	  
these	  two	  terms	  



The	  Ponderomo7ve	  Phase	  

λr = c
λw
vz

−λw

θ = kr (z −vz t )
Combine	  the	  two	  defini7ons:	  
	  
	  
	  
	  
	  
	  
Theta	  is	  a	  measure	  of	  the	  posi7on	  along	  the	  electron	  beam	  	  	  



Wave	  Equa7on:	  Change	  of	  Variables	  



Wave	  Equa7on:	  Frequency	  Domain	  

Take	  a	  volume	  average	   Δ =
k − kr
kr



Wave	  Equa7on:	  Frequency	  Domain	  

Take	  a	  volume	  average	   Δ =
k − kr
krBeam	  volume	  density	  

#par7cles/volume	  



Wave	  Equa7on	  and	  the	  Bunching	  
Factor	  

Quasi	  monoenerge7c	  beam	  	   γn ≈ γb



How	  Does	  b	  evolve?	  



How	  Does	  b	  evolve?	  

Need	  an	  equa7on	  for	  this!	  



How	  Does	  b	  evolve?	  

dθ
dz

= kr + kw −
kr
βz
= kr + kw −

kr

1−1+K
2

γ 2

= kw 1−
γb
2

γ 2
"

#
$

%

&
' ≈ 2kwη

η =
γ −γb
γb

<<1

Just	  subs7tute	  βz	  
	  
Use	  defini7on	  of	  resonant	  
frequency	  

Quasi	  monochroma7c	  beam	  



Bunching	  Equa7on	  

db
dz
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1
N

ηn∑ e−i(1+Δ)θn Energy	  Modula7on!	  



Bunching	  Equa7on	  

db
dz

≈ 2ikw
1
N

ηn∑ e−i(1+Δ)θn Energy	  Modula7on!	  

db
dz

≈ −2ikw η



From	  Bunching	  to	  Energy	  Modula7on	  
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Energy	  Modula7on	  Equa7on	  



Energy	  Modula7on	  Equa7on	  
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Energy	  Modula7on	  Equa7on	  
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CAREFUL:	  2ND	  ORDER	  
TERM!	  
NEEDS	  A	  WHOLE	  NEW	  
HIERARCHY	  OF	  
EQUATIONS	  TO	  CLOSE	  THE	  
SYSTEM!	  



Energy	  Modula7on	  Equa7on	  
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HERE	  WE	  MAKE	  THE	  LINEAR	  
APPROXIMATION!	  
	  
b,	  E	  and	  	  	  	  	  	  	  	  
are	  small	  perturba7ons.	  Neglect	  all	  higher	  
order	  terms	  

η



Energy	  Modula7on	  Equa7on	  
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Linear	  approxima7on	  allows	  us	  
to	  close	  the	  system!!	  



Linear	  FEL	  Equa7ons!	  

)	  



15	  MINUTE	  BREAK!	  



Assump7ons	  
•  Neglect	  diffrac7on	  
•  Small	  signal	  (	  b	  <<	  1	  )	  
•  Slowly	  varying	  envelope	  (i.e.	  narrow	  
bandwidth	  signal)	  

•  No	  velocity	  spread	  (longitudinal	  and	  
transverse)	  



Equilibrium	  Condi7on	  
If	  par7cles	  are	  uniformly	  distributed:	  b	  =	  0	  
Ini7al	  field	  =	  0	  
Beam	  perfectly	  monoenerge7c:	  	   η = 0

d
dz
+ ikwΔ

"

#
$

%

&
'E = 0

d
dz
b = 0

d
dz
η = 0

System	  at	  equilibrium	  



FEL	  Instability	  
Is	  the	  equilibrium	  stable	  
or	  unstable?	  



Roots	  



Roots	  
Unstable	  Root	  -‐>	  
Exponen7al	  Growth	  



The	  ρ	  parameter	  

∝ne
1/3

∝1/γ

∝K 2/3

High	  density	  -‐>	  higher	  gain!	  
(note:	  scaling	  typical	  of	  all	  3-‐wave	  
instabili7es…)	  

Smaller	  growth	  rate	  at	  higher	  energies	  

Stronger	  magne7c	  field	  -‐>	  higher	  gain	  

Typically	  10-‐3	  to	  10-‐4	  for	  x-‐ray	  parameters	  



The	  gain-‐length	  

What	  theorists	  call	  gain-‐length:	  

lg =
1

2kwρ
Because	  it	  makes	  equa7ons	  
look	  preqy…	  

What	  experimentalists	  call	  gain-‐length:	  

Lg =
1

2 3kwρ
Because	  power	  is	  what	  you	  
measure…	  

P∝ exp z
Lg
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#
$$
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That’s	  Preqy	  Much	  it…	  



What	  Happens	  at	  Satura7on?	  

@	  satura7on	  b	  ~	  1	  



What	  Happens	  at	  Satura7on?	  

@	  satura7on	  b	  ~	  1	  

Electron	  beam	  power	  density	  

For	  LCLS	  that’s	  ~10-‐100	  GW	  



Wait	  a	  Minute…	  

Psat ≈ ρPb ∝ I
4/3

But	  I	  promised	  you	  that	  coherent	  radia7on	  goes	  like	  
square	  of	  #	  of	  par7cles…	  
	  



Wait	  a	  Minute…	  

Psat ≈ ρPb ∝ I
4/3

But	  I	  promised	  you	  that	  coherent	  radia7on	  goes	  like	  
square	  of	  #	  of	  par7cles…	  
	  
What	  maqers	  is	  #	  of	  par7cles	  in	  a	  slippage	  length!	  
	  

NSLIPPAGE
2 =

I
e
λrLsat
λw

!

"
#

$

%
&

2

Lsat ∝
1
ρ
∝ I −1/3

NSLIPPAGE
2 ∝ I 4/3



Normalized	  FEL	  Equa7ons	  
Normalize	  everything	  to	  
satura7on	  value	  



Normalized	  FEL	  Equa7ons	  
Normalize	  everything	  to	  
satura7on	  value	  

Natural	  scaling	  of	  
detuning	  is	  also	  ~	  ρ	


δ=Δ/2ρ	




Dispersion	  Rela7on	  for	  General	  
Detuning	  

∝ exp iλz( )
Assume	  all	  quan77es	  
	  
	  
	  
Subs7tute	  into	  FEL	  linear	  
equa7ons	  	  



To	  2nd	  Order…	  



To	  2nd	  Order…	  

Bandwidth	  ~	  z	  ½	  
@	  satura7on	  (z	  ~	  10	  to	  20)	  
Δω/ω ∼ ρ	




To	  2nd	  Order…	  

Group	  Velocity	  =	  vb	  +	  1/3	  slippage	  rate	  	  	  



Ini7al	  Value	  Problem	  

Ini7al	  values	  of	  three	  variables	  

FEL	  can	  be	  triggered	  by	  either	  
	  	  	  -‐	  an	  ini7al	  radia7on	  field	  
	  	  	  -‐	  an	  ini7al	  microbunching	  
	  	  	  -‐	  an	  ini7al	  energy	  modula7on	  
	  
Experimentally,	  at	  x-‐rays	  it’s	  
difficult	  to	  generate	  a	  star7ng	  
value	  for	  any	  of	  these	  quan77es	  	  



Seeded	  Free-‐Electron	  Laser	  

An	  ini7al	  narrow	  bandwidth	  laser	  is	  
used	  to	  ini7ate	  the	  process	  
-‐>	  Narrow-‐bandwidth	  coherent	  
pulse	  amplified	  to	  satura7on	  



Shot-‐Noise	  
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Figure	  from:	  
Avraham	  Gover	  et	  al.	  
Nature	  Physics	  8,	  877–880	  (2012)	  

Seeding	  can’t	  be	  done	  at	  x-‐rays:	  NO	  LASERS!	  

Luckily	  nature	  gives	  us	  a	  natural	  ini7al	  value	  for	  beam	  microbunching:	  	  	  	  NOISE	  



Shot-‐Noise	  Microbunching	  In	  
Frequency	  Domain	  

Increasing	  bunch	  length:	  
Narrower	  spikes	  



Shot-‐Noise	  Microbunching	  

Spectral	  autocorrela7on	  ~	  Fourier	  transform	  of	  
longitudinal	  distribu7on	  at	  k-‐k’	  
	  
(Nice	  deriva7on	  in	  Saldin’s	  book!)	  
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ΔPhoton	  Energy	  

ΔT	  =	  30	  fs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ΔT	  =	  10	  fs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ΔT	  =	  4.5	  fs	  



Self	  Amplified	  Spontaneous	  Emission	  
From	  ini7al	  value	  
problem	  

In	  SASE	  b0	  is	  shot-‐noise	  microbunching	  

< bsn >= 0

< bsn
2
>=

1
N



What	  Does	  SASE	  Look	  Like?	  

Spiky	  temporal	  structure.	  
	  
Spikes	  get	  broader	  as	  radia7on	  
slips	  across	  the	  electron	  
bunch!	  



The	  Coopera7on	  Length	  

Note:	  rho	  defines	  the	  spectral	  width	  
	  
	  
	  
The	  Fourier	  conjuate	  variable	  is	  
	  
	  
	  
Which	  means	  that	  the	  length-‐scale	  of	  the	  SASE	  spikes	  is	  	  
	  
	  	  	  	  

δ=Δ/2ρ	


z1 = 2ρθ = 2krρ(z− vzt)

lc =1/ 2krρ
“Coopera7on	  length”	  =	  
slippage	  in	  a	  gain-‐length	  



What	  is	  the	  Average	  Power?	  

We	  can	  use	  Parseval’s	  theorem	  to	  
compute	  average	  power	  



Equivalent	  Shot-‐Noise	  Power	  

Nλ 	  number	  of	  par7cles	  in	  a	  wavelength	

	  
~few	  to	  tens	  of	  kW	  for	  typical	  x-‐ray	  FELs	  

Approximate	  solu7on	  by	  neglec7ng	  δ	  dependence	  of	  residue	  
term:	  
Gain	  func7on	  turns	  into	  a	  Gaussian!	  



Using	  Our	  1-‐D	  Theory…	  

Wiener’s	  theorem:	  
Autocorrela7on	  func7on	  =	  Fourier	  Transform	  of	  spectral	  power	  density	  
	  
Using	  the	  same	  Gaussian	  approxima7on:	  

Coherence	  length	  grows	  as	  a	  
func7on	  of	  7me!	  
(Consistently	  with	  our	  intui7on	  
from	  previous	  slide…)	  



Coherence	  length	  

Which	  means	  at	  satura7on	  (10-‐20	  gain-‐lengths)	  
	  
RMS	  coherence	  length	  ~	  1	  coopera7on	  length	  
	  



SASE	  Spikes:	  Experimental	  Observa7on	  	  



SASE	  Spikes:	  Spectral	  Measurements	  

2	  ρ	


λr/Lb	  
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Non-‐Ideal	  Effects	  
Energy-‐spread:	  
	  
Electron	  beams	  are	  not	  mono-‐energe7c	  but	  have	  a	  small	  spread.	  
How	  much	  spread	  can	  we	  tolerate?	  
	  
	  
dθ
dz

= 2kwη

Rho	  is	  the	  energy	  acceptance	  of	  the	  FEL!	


σθ = 2kwση lg =
ση

ρ
<<1



Dispersion	  Rela7on	  
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Kη =0.15	


Kη =1	


Cold	  
Gaussian	  
Laser	  Heater	  

Whatever	  your	  distribu7on,	  	  
you	  want	  
Energy-‐Spread	  <<	  ρ	


GROWTH	  
RATE	  

Detuning	  

GROWTH	  
RATE	  

Detuning	  



Emiqance	  
Electrons	  have	  finite	  transverse	  velocity	  spread	  

σ 2
β⊥
=
ε
β f

vz = c 1−
1
γ 2
−

β
⊥
2 ≈1− 1

2γ 2
−


β
⊥
2

2

Spread	  in	  transverse	  
velocity	  =	  	  
Spread	  in	  longitudinal	  
velocity!	  

Phase-‐spread	  in	  a	  gain-‐length	  <<1	  

kr
ε
β f

lg <<1
Long-‐story	  short:	  you	  need	  small	  
emiqance	  for	  FEL!!	  



Diffrac7on	  Losses	  
The	  lengt-‐scale	  for	  radia7on	  to	  diffract	  out	  of	  the	  
beam	  is	  the	  Rayleigh	  length:	  
	  
	  

Lr =
1
2
krσ

2
x

Diffrac7on	  losses	  are	  negligible	  if	  
	  
	   Lr >> lg



If	  You	  Thought	  This	  Was	  
Complicated...	  

The	  full-‐blown	  3-‐D	  theory	  can	  account	  for	  all	  
these	  effects	  simultaneously…	  



No	  Panic!	  
IT	  LOOKS	  UGLY	  BUT…	  
The	  dispersion	  rela7on	  can	  be	  expressed	  as	  a	  func7on	  
of	  4	  dimensionless	  parameters	  



No	  Panic!	  
IT	  LOOKS	  UGLY	  BUT…	  
The	  dispersion	  rela7on	  can	  be	  expressed	  as	  a	  func7on	  
of	  4	  dimensionless	  parameters	  

Detuning	  /	  ρ	




No	  Panic!	  
IT	  LOOKS	  UGLY	  BUT…	  
The	  dispersion	  rela7on	  can	  be	  expressed	  as	  a	  func7on	  
of	  4	  dimensionless	  parameters	  

Diffrac7on	  parameter	  

Diffrac7on	  negligible	  if	  
	  
	  



No	  Panic!	  
IT	  LOOKS	  UGLY	  BUT…	  
The	  dispersion	  rela7on	  can	  be	  expressed	  as	  a	  func7on	  
of	  4	  dimensionless	  parameters	  

Energy	  Spread	  Parameter	  
(same	  as	  1-‐D	  theory!)	  



No	  Panic!	  
IT	  LOOKS	  UGLY	  BUT…	  
The	  dispersion	  rela7on	  can	  be	  expressed	  as	  a	  func7on	  
of	  4	  dimensionless	  parameters	  

Emiqance	  parameter	  



Ming	  Xie	  Fizng	  Formula	  



Things	  I	  Want	  You	  To	  Remember	  5	  
Months	  From	  Now	  
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Spontaneous	  
Power	  ~	  N	  

Coherent	  
Power	  ~	  N2	  



Things	  I	  Want	  You	  To	  Remember	  5	  
Months	  From	  Now	  

FEL	  goes	  from	  
spontaneous	  to	  
coherent	  emission	  by	  
means	  of	  a	  collec7ve	  
instability	  
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Things	  I	  Want	  You	  To	  Remember	  5	  
Months	  From	  Now	  

Rho	  defines:	  
	  
-‐the	  gain-‐length	  of	  the	  FEL	  
	  
-‐the	  rela7ve	  bandwidth	  of	  the	  FEL	  
	  
-‐the	  extrac7on	  efficiency	  of	  the	  FEL	  
	  
-‐the	  energy	  acceptance	  of	  the	  FEL	  


